We unveil the microscopic origin of largely debated magnetism in the Mo3O8 cluster systems. Upon considering an extended Hubbard model at 1/6 filling on the anisotropic kagomé lattice formed by the Mo atoms, we argue that its ground state is determined by the competition between kinetic energy and intersite Coulomb interactions, which is controlled by the trimerisation of the kagomé lattice into the Mo3O13 clusters. Based on first-principles calculations, we show that the strong interaction limit is realised in LiZn2Mo3O8 revealing a plaquette charge order with unpaired spins at the resonating hexagons, whose origin is solely related to the opposite signs of intracluster and intercluster hoppings, in contrast to all previous scenarios. On the other hand, both Li2InMo3O8 and Li2ScMo3O8 are demonstrated to fall into the weak interaction limit where the electrons are well localised at the Mo3O13 clusters. While the former is found to exhibit long-range antiferromagnetic order, the latter is more likely to reveal short-range order with quantum spin liquid-like excitations. Our results not only reproduce most of the experimentally observed features of these unique materials, but will also help to describe various properties in other quantum cluster magnets.
Introduction. Geometrically frustrated quantum systems lie at the core of research activity revolving around a putative quantum spin liquid (QSL) state that displays long-range quantum entanglement, charge fractionalisation, and emergent gauge structures [1] [2] [3] [4] . Of particular importance are spin models on the triangular and kagomé lattices featuring various types of QSL [5] [6] [7] [8] [9] , whose material realisation has been an ongoing endeavour in condensed matter physics with only a few reasonable candidates proposed so far [10] [11] [12] [13] [14] [15] .
During the past few years, the Mo 3 O 13 cluster magnets have attracted a great deal of both experimental and theoretical attention as a new candidate to host QSL. In these compounds, the Mo atoms arranged in anisotropic kagomé layers are trimerised, and the [Mo 3 O 13 ] 15− clusters form a triangular lattice, as shown in Fig. 1a [16, 17] . As sketched in Fig. 1b , six out of seven valence electrons in the Mo 3 O 13 cluster are responsible for a strong intracluster metal-metal bonding, and the seventh electron remains unpaired occupying a totally symmetric molecular a 1 state. LiZn 2 Mo 3 O 8 was first reported to exhibit a QSL behaviour [18] [19] [20] . The magnetic susceptibility of LiZn 2 Mo 3 O 8 has been experimentally shown to follow a Curie-Weiss law with low-and high-temperature regimes transitioning at 96 K, whose Curie constants are related as C L ≈ C H /3 and where the disappearance of 2/3 of paramagnetic spins was attributed to valence bond condensation on the triangular lattice of the Mo 3 O 13 clusters. In a first attempt to explain these unusual features, the authors of Ref. [21] suggested the formation of an emergent honeycomb lattice due to opposite rota-tions of the Mo 3 O 13 clusters effectively decoupling the central cluster with an orphan paramagnetic spin. Another scenario was outlined in Ref. [22] , where a plaquette charge order (PCO) existing in a Mott insulator on the anisotropic kagomé lattice at 1/6 filling was conjectured to host a U (1) quantum spin liquid state with the spinon Fermi surface that is reconstructed at low temperatures filling 2/3 of the spinon states.
However, the adequacy of the proposed mechanisms was questioned with recently synthesised Li 2 InMo 3 O 8 and Li 2 ScMo 3 O 8 , both featuring magnetic moments well localised at the Mo 3 O 13 clusters. While the former was identified with a Neél 120 • magnetic order at T N = 12 K, for the latter no magnetic ordering has been observed down to 0.5 K [23, 24] . Instead, muon spin rotation and inelastic neutron scattering measurements suggested that Li 2 ScMo 3 O 8 undergoes a short-range magnetic order below 4 K with QSL-like excitations.
Despite having similar crystal structures, these systems manifest essentially unalike magnetic properties, whose enigmatic origin remains an unsolved problem. In this Letter, upon revising a single-orbital extended Hubbard model on the anisotropic kagomé lattice at 1/6 filling, we uncover novel regimes of the plaquette charge ordered and cluster Mott insulator states governed by the interplay of kinetic energy and intersite Coulomb interactions, that were overlooked in previous studies [21, 22, 25] . By means of first-principles calculations, we will demonstrate that their appearance is related to the formation of the Mo 3 O 13 clusters and these states indeed realise in
The model of interest shown in Fig. 1c with one electron per T triangle reads:
where c †σ m (c σ m ) creates (annihilates) an electron with spin σ at site m, n σ m = c †σ m c σ m is the density operator (n m = n ↑ m + n ↓ m ), t and t stand for intracluster and intercluster hopping parameters defined on the T and T triangles, respectively, and the interaction terms include the on-site U , intracluster V , and intercluster V Coulomb repulsions. Taking a shorter bond length in T , we assume that V < V U and |t | < |t|, and for the reasons shown below we enforce electron localisation at the T triangles by taking t < 0 and t > 0.
The results of exact diagonalisation for Eq. (1) at 1/6 filling are shown in Fig. 2 . Specific heat has an evident instability when t/V and t /V are small, while as they increase the system can develop long-range magnetic order. Thus, one can see that there are several regimes depending on the values of t/V and t /V , and below we will address two different limits of Eq. (1).
Plaquette charge order. Let us consider t V and t V . Due to 1/6 filling, the Hubbard U cannot localise electrons on the lattice sites, and as a result they move without encountering any double occupancy. Since U is not operative, it is the intersite V and V that are responsible for electron localisation leading to a highly degenerate charge ordered state, where each corner-sharing triangle hosts exactly one electron. This degeneracy is further lifted by hopping parameters that induce collective tunnelling processes, when the electrons hop either clockwise or counter-clockwise along the T and T bonds stabilising a charge pattern with three electrons at the hexagons, as shown in Fig. 3a and 3b. To lowest order in t/V and t /V , it corresponds to the quantum dimer model for two plaquette states |A = c †σ 5 c †σ 3 c †σ 1 |0 and |B = c †σ 6 c †σ 4 c †σ 2 |0 , H = σσ σ (g 1 + g 2 ) |A B| + |B A| with g 1 = 6t 3 /V 2 and g 2 = 6t 3 /V 2 , where the sum runs over all hexagons [29, 30] . When mapped onto the dual hexagonal lattice, the ground state of H for spinless electrons is described by the PCO shown in Fig. 3c with an emergent triangular lattice of resonating hexagons, that will be regarded as the strong interaction limit of Eq. (1) [31] [32] [33] .
One can further include antiferromagnetic spin fluctuations between next-nearest neighbours in each hexagon H S = J nn ij n i n j S i · S j − 1 4 , where J nn = 4t 2 nn /U and t nn is the corresponding hopping. Assuming that the PCO effectively decouples hexagons, H D = H + H S for a single hexagon can be solved exactly yielding four fourfold degenerate states [27] . When g 1 and g 2 have opposite signs, regardless of the value of J nn the ground state of H D displays valence bond condensation with one orphan spin, as shown in Fig. 4a :
Such an unusual entanglement with dangling spins originates solely from the asymmetry of tunnelling processes that in turn maximises singlet pairing between the resonating electrons, while the unpaired spins behave paramagnetically in a thermodynamic limit. Interestingly, a similar situation can be realised when g 1 < 0 and g 2 < 0 with large antiferro- magnetic coupling J nn > 2 3 (−g 1 − g 2 −g), which was earlier suggested to pair 2/3 of the spins at low temperatures [22, 25] . However, the calculated thermodynamic properties shown in Fig. 4b clearly demonstrate that two paramagnetic regimes possess a much higher T C when g 1 and g 2 have opposite signs. Our first-principles calculations will show that the strong interaction limit is realised in LiZn 2 Mo 3 O 8 , where g 1 and g 2 have opposite signs and J nn is negligibly small.
Cluster Hubbard Model. As |t| increases, the electrons start moving freely within the T triangle, and the number of electrons at the adjacent T triangles fluctuates. When |t| ∼ V , the perturbation theory considered above breaks down, and the electrons minimise their energy by forming bound "molecular" states. As a result, the kagomé lattice is trimerised, and the original model in Eq. (1) can be reformulated as a three-orbital extended Hubbard model on the triangular lattice formed by the T triangles:
As follows, H CF has the form of crystal field that splits the electronic states at the T triangle into the single a 1 and double degenerate e 1 states with energy levels 2∆ 3 and − ∆ 3 , respectively:
with ω = e 2πi/3 . Importantly, the a 1 state is occupied when ∆ < 0 (t < 0). Despite the weak interaction limit, the electrons are localised at the T triangles by their kinetic energy due to a dilute 1/6 filling. We refer to this state as a cluster Mott insulator as opposed to the PCO phase where localisation is entirely driven by intersite Coulomb interactions.
As shown in Fig. 2 , when both t < 0 and t > 0 are large the localised electrons can develop long-range magnetic order. In this limit, the on-site U = U +2V 3 comes back into play and forbids any double occupancy at the T triangles, and the corresponding spin model H = ij J S i · S j on the triangular lattice can be derived to second order in t /U and t /∆:
which can be both ferro-and antiferromagnetic, that explains why some of the recently found Mo 3 O 8 systems are ferromagnetic insulators [28] . Stability of the magnetic order is directly related to the strength of t and t in the sense that it can be suppressed by thermal or quantum fluctuations when t or t are not strong enough to avoid electron fluctuations at the T triangles. First-principles. Electronic structure calculations for each system have been performed within local density approximation [35] by using projected augmented wave formalism [36] , as implemented in VASP [37] , and normconserving pseudopotentials, as implemented in Quantum ESPRESSO [38] . The calculated band structures are shown in Fig. 5a , indicating the a 2 and e 2 states below the Fermi level, which are responsible for the Mo-Mo bonding in the Mo 3 O 13 cluster, and the molecular a 1 and e 1 states occupied by unpaired electrons. The latter were adopted for constructing the extended Hubbard model, Eq. (1), in the basis of Wannier functions, which were obtained with wannier90 [39] , as shown in Fig. 5b . The full set of model parameters is given in Table I [27] .
According to our results, the splitting between the a 1 and e 1 states varies significantly within the systems [40] , and the values of t/V and t /V point out at different regimes of electron localisation for each system. Further- more, t and t always have opposite signs. This is related to the fact that in the Mo 3 O 13 clusters with short Mo-Mo bonds the direct d-d (always negative) hopping dominates, as shown in Fig. 5c . Because this term vanishes rapidly with metal-metal distance (∼ 1/r 5 [41] ), the hopping process via common oxygens having the opposite sign starts to dominate between the clusters, and t turns out to be positive. We believe that the opposite signs of t and t is a fundamental aspect of the trimerised kagome lattice at 1/6 filling. According to the general Jahn-Teller theorem, the trimerisation should lift the degeneracy of the ground state so that a single electron resides at the a 1 orbital of the T triangle forming a one-dimensional representation of the point group, that occurs only when t < 0 and t > 0.
One can see that t/V and t /V are small in LiZn 2 Mo 3 O 8 , preventing the electrons from being localised at the molecular states and thus leading to an emergent PCO with unpaired spins at the resonating hexagons. Moreover, a negligibly small J nn = 1.4 meV eliminates all previously suggested scenarios for decoupling 1/3 of the spins at low temperatures [22, 25, 42] . In fact, valence bond condensation in LiZn 2 Mo 3 O 8 is driven solely by the asymmetry of tunnelling processes caused by the formation of the Mo 3 O 13 clusters. Given g 1 = 13.5 meV and g 2 = −40.1 meV, the calculated T C ∼ 92.0 K between two paramagnetic regimes is in excellent agreement with experiments [18, 27] .
In Conclusions. Having considered an extended Hubbard model on the anisotropic kagomé lattice at 1/6 filling, we showed that it features two different limits: a plaquette charge order with one orphan spin as realised in quantum paramagnet LiZn 2 Mo 3 O 8 , and a cluster Mott insulator as revealed in Li 2 InMo 3 O 8 with a Néel-type antiferromagnetic order and Li 2 ScMo 3 O 8 with a quantum spin liquid behaviour. Based on first-principles calculations, we demonstrated that their manifestation can be attributed to the trimerisation of the kagomé lattice specifying the character of electron localisation, that unravels a largely speculated origin of magnetism in these systems.
Finally, it is known that spin-1 2 systems with an odd number of electrons can reveal both long-range order and short-range correlations with topological excitations [43] . While LiZn 2 Mo 3 O 8 remains a unique example featuring two paramagnetic regimes with unpaired spins, different scenarios of a cluster Mott insulator phase can be realised in other trimerised cluster systems, such as Li 2 In 1−x Sc x Mo 3 O 8 [42] , ScZnMo 3 O 8 [44] , and Nb 3 Cl 8 [45, 46] .
